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ON A COMPLETE SYSTEM OF INVARIANTS OF TWO TRIANGLES* 

BY 

DAVID D. LEIB 

Introductory. 

The simpler invariants of two triangles, arising from the connex set up by 
them when regarded as two cubic curves of the third order and of the third 
class, respectively, were discussed by Dr. HUN in vol. 5 of these T r a n s a c t i o n s, 
pages 39-55. The present paper exhibits a cornp7ete system by means of which 
all invariant relations can be conveniently expressed, and is largely the result 
of an attempt to solve a problem proposed by Professor MORLEY: What is the 
invariant relation between two triangles so that a conic may be drawn on the 
vertices of one triangle and touching the sides of the other ? In this and similar 
problems, the one triangle was invariably takell as the reference triangle, and the 
invariant relation consequently expressed in terms of the coefficiellts of the other, 
a simplification which we shall use throughout the artic]e. In this way the 
selection of the fundamental system was largely a matter of experiment in the 
first place, the object beint, to select such as would enable one to write down 
invariant relations in the most simple form, and at the same time to have these 
fundalnental invariants easily interpreted geometrica]ly. In the body of this 
paper we shall follow the logical order, however, of giving the system first and 
then proving its completeness. 

§ 1. The fl6ndamental system. 
If we take one triangle as a 3-line given by the symbolic equation 

(a)(/3ac)(¢yac) 0, 
and the other as a 3-point 

(at)(60)(ct) O, 

where ( az ) al z1 + a2 aC2 + a3 x3, etc., the constants at t bi * cz z ai i 8i s fYi forln 
the domain of rationality for the invariants. The six fundamental invariants 
/ls D1, I,, D2, In and I3, expressed rationally and integrally in this domain 
are given on page 128 of lthe Johns E[opAcins Untrersity Ctrc?ltar, July, 1908. 
Of these, A1 and D1 are the determinants of the 3-point and 3-line zespectively. 

* Presented to the Society, December 31, 1908. 
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'hat is 
al XB1 fY 

^1= a2 2 72 ' 

a3 3 73 

Following Dr. HUN'S notation for indicating the collective degree in Roman 

and Greek letters respectively, the invariants are represented as follows: 

D1(3, °); A1(° 3)i I1(3, 3); I2(6, 6); D2(6, 6); I3(9, 9). From 

these ca1l be formed four independent absolute invariants of zero degree, 

I2 I1 I2 ItI2 

°2 AlDl A I2' I3 9 

and in terms of these four can be expressed rationally every other rational iIl- 

variant of zero degree in both sets of coefficients. This is a minimum reduced 

system, since two triangles have projectively four absolute invariants. 

If now the 3-line be taken as the reference trial1gle, /\1 assumes the value 

unity and the other fundamental invariants become homogeneous, rational inte- 

gral fulletions of the coefficients of the 3-point, as follows: 

al bl C1 

D1 2 b2 c2, 

a3 b3 c3 

I1 al b2 C3 + a3 bllc2 + a2 b3 C1 + al b3 C2 + a2 bl c3 + as b2 c], 

2 a3 b2 b3 C2 c3 

°2 - (t3al b3bl C381 8 

al a2 bl b2 C1 C2 

I = a2a3bsblelc2+ ala2b.;!b3c3cl + ct3alblb2c2c3+ a2a3blb2c3cl + ala2b3blcec3+ a3alb2b3clc2, 

I3 al a2a3bLb263Cl c2e3 

It is in this simplified form that the invariants are most available, and it is a 

matter of very little difficulty to introduce A1 into any invariant form so as to 

render it homogeneous and of the proper degree in tl1e Greek letters. The in- 

variants D1 and °2 are skew, as is evident from theils form. 

§ 2. Prooef of the completeness of the system. 

Take the 3-line as reference triangle and call it 17l. The 3-point, (at) (b#) 

(ct)-O, we shall call 1T2. If T1 is taken as (aw)(,8z)(¢yz)= O, we shall 

defitle a rational simultaneous invariant of Tl and 2 as a rational integral func- 
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tion of the coefficients, which has the invariant property and is unaltered by any 
permutation of the three lines or of the thlee points; that is, by interchallges of 
ai, ,lSi, eYi or of ai, bi, ci. When 1'1 is taken as the reference triang7ye, cz7y72 
rationa72 simu7ytaneous invariants (eaccept A1 which becomes ?lnity) of 1'1 arld 
1g2 are honzoyeneous, rationa7y, integra72 fvnctions of ai, bi, ci, which are una7y- 
tered by a7y72 permvtations of the 7yetters and of the s?lbscriSpts. 

The converse is equally true, and any homogeneous, rational, integral function 
of a,, b,, c,, which is left unaltered by permutation of the letters or of the 
subscripts, is equivalent to an explicit rational integral function homogeneous 
in both the Roman and the Greek letters, which has the invariant property under 
all linear transformations of the plane. Hence the most general form of such 

* * @ an lnvarlant 1S 

I s£. t i t bJ bi bi k k k 

where 
'il + Si2 + 'i3 n il + jl + kl n, 

j] + i2 + j3 n, i2 + j2 + k2 n 

kl +7c2+k3 nc i3+ j3 + 7¢3 n 

We next prove the lemma: Every individ?lal term of I, where I is of the nth 
degree in the coefflcients of the 3-point, i.s the prod?let of n factors of the type 
aibkel (i * k * 1, i _ 1, 2, 3; k 1, 2, 3; 1 1, 2, 3). 

To simplify the proof we write 

al b2 C3 aO b al b3 C2 0 

a2 b3 cl al, a2 bl C3 1 a 

a3 bl 82 a2 a a3 b2 C1 2 . 

These ai and ,lSi have no relation whatsoever to those used earlier in the article. 
Clearly as long as every letter and every subscript is present in a term we can 
continue taking out factors of type aibkel. But some exponents may be zero. 
In that case suppose il say, is not zero. Then the conditions on the exponents 
give the inequalities: 

i2An, i3An, jlAn, kl <2z 

i2 + 22> °, j3 + k3> °, i2 +j3> O, k2 + k3> O. 

Hence, if j2 °, k2 > O and j3 > O, and therefore ,80 is a factor. 
If k3 0, j3 > O, k2 > O and ,SO is a factor. 
If j2 ° and k3 0 at the same time, ,80 is still a factor. 
If j3 0 or k2 ° or both are zero simultaneously, aO is a factor. Hence, 

if il $ ° either a) or l30 is a fXactor. Taking out the factor aO (or l30), we 
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have left a term of same type with n 1 replacing n. This establishes the 
lemma and we can write any rational invariant in the form 

I E aO al a2h ,80 8lm B2n . 

Since I is left txnalteredC by all permutations of a, b, c and their subscripts, 
it s leyt uvnaltered by all permutattons of a and ,8 and the?,r sqxbscripts. For 
if we express the permutations of the Roman letters in cycles, it is easy to 
express the corresponding permutations of the Greek letters in cyclic form. 
V\re have 

(a b c) is equivalent to (aoa2al)(o0l2) 
(12 3) " c; (a0ala2)(a0l2) 

(bc)" " c; (aO,lSO)(all)(a22) 
(2 3) " " s; (aO,lSO)(al2)(a2al) 

This includes all independent types. 
Next we introduce the notation: 

aO + al + a2 rl 0+ 1 + 2 81 

ala2 + aaaO + aoal t2 12 + 20 + 01 82 

aO al a2 P3 0 12 

(al-a2)(a2 - aO)(aO - al)-r (1 2)(2-0)(0 - 1) 3. 

Since any invariant admits of the permutations (aoala2) and (012) it 
follows that if any invariant I contains the term aoala2k,lS0,lSlt,lS24, it contains 
the 9 terms 

3 3 

E aO al ak E 0 ,Bnt ,Bn 

3 

E signifying the sum of the three terms obtained by cyclically permuting , j, 

k and 1, qn, n respectively. If i j k or I nz n, these nine terms reduce 
to three, or if both sets of equalities exist simultaneously, they reduce to a single 
term. In any event, we have the product of two alternating functions of aO, 
al, a.2 and ,80, 81 2 respectively. By the same argument for all terms of I, 
we see that 
(1) I R (rl , 81 s r2 S2, p3, r 8 ) , 

where R is a rational, integral, isobaric. function of its arguments. The sub- 
scripts indicate the weight, r alld s being of weight 3. 

As a next step r and s may be assumed to occur to the first degree only, for 
2X2 and 82 can both be expressed rationally in terms of the other 5 quantities. 
In fact * 

*SALMON, JIigher Alyebra, Es. 2, p. ,57. 
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r2 rl2r2 4rl3p3 + 18rlr2p3 4r23 27P32, 

S2 81S'22 4S13p3 + 18S'lS2p3 48'2 27p3. 

Also since the permutation ( al a2 ) ( }631}632 ) changes the sign of r and of s, they can 
occur only in the combination rs>. Hence we can write 
(2) I Rl(rls sl, r2, s2,p3) + rs R2(rl, sl, r2, s2,p3). 
Again since ( aO ,80 ) ( al ,81 ) ( a2 /s2 ) interchanges ri and si, I must be unaltered 
by interchangillg ri and si. That is 
(3) Rl(rl, sl, r2, s>) p3) Rl(sl, rl, 82 r2, p3). 

Hence if Icontains a term rlskr2s2np3, it contains the two terms 

(4) p3 ( rl sl ) ( 2 2 8'2 ) ( rl r2 + S'1 s2 ) A1 8 

where for convenience we assume k c i, m-1, i k a, 1- m b. 
Now let 

p4(r S' )k(r S'2)m(?lS'2 + slr2) A2. 

Then 
(6) 1 + 2 P3 ( 1 1 ) ( 2 2 ) ( 1 + 1 ) ( 2 + 2 ) 

Sl(rl + 81 r2 + s2, rl8>l, t282mP3) 

A 1 A2 p3 ( rl sl )k ( r2 s2 )7 ( rl 81 ) ( r2 S2 ) 

(rl- sl)(r2 s>2)S2(rl + S1s r2 + 8'2, rlsl t2s2mP3) 

where S1 and 2 are rational functions. From (6) and (7) we can solve for A1 
in terms of rl sl r2 82 and the arguments °f Wi. Carrying out the same 
process for all terms of R1, we get 

R1 Ml(rl+sl, r2+s2, rlsl, r2s2,p3)+ (rl sl)(r2-s2)AI2(rl+sl r2+S2s rlslst282sP3)s 

where Mi is a rational, integral, isobaric function of its arguments. R2 can be 
expressed in the same way. Hence, we have the following theorem. 

Any ratTonal sim?61tane0us Tnvariant of T1 and 1t2 is a ratTonal integral 

isobaric functTon o,/' rl + sl, a 2 + S2 a fl S1, r2 s2 . p3 r ( rl sl ) ( r2-s2 ) r and r5 @ 

Since the above seven arguments are themselves invariants, it follows that 
they forrn a rationally complete system. They are not independent, however, for 
we saw that rs2 could be expressed in terms of the other six. It remains to show 
that these seven ¢an be expressed in terms of the system proposed in the preced- 
illg section. The equalities are easily seen to be 

rl + S1 I1 l 

t2 + S2 I2, t2 82 @2' 

p3 I3, rl sl W ( I12 D12 ) W 

fl 81 °1 8 t2 s2 \ W ( I2 - @2 ) @ 
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The expression for rs2 in terms of the present system is very long. Since rs 
must be added to our system, for rGltional completeness we will call it I. In 
terms of the coefficients of the 3-point 
I6 (a2b3cl a3blc2)(a3blc2 alb2c3)(alb2c3 a2b3cl) 

(a2blc3 a3b2el)(a3b2cl alb3c2)(alb3c2 a2blc3). 

The completeness of the system has thus been finally established. The prin- 
ciple employed in this paragraph, namely, that if an invariant contains a term 
aO al a2k,BO ,B'1 ,B24, it contains all terms obtained by permuting the , j, k and 1, 
m, n, is useful in determining all invariant relations, as we need only concern 
ourselves about a sillgle term of each type. 

§ 3. The dualforms. 
V\e next consider the transformation of the invariants when the role of the 

triangles is interchanged, that is, when the one originally taken as a 3-line is 
regarded as a 3-point and vice versa. Obviousl.y in the simplified form of the 
invariants we need only replace each letter by its minor in 191. We will ds3sig- 
nate the transforms by primes. To abbreviate we denote the minor of any letter 
by the corresponding capital letter. 

A1 B1 C 

D1 A2 B2 C2 

A3 B3 C3 

This follows from the theory of 3-rowed determinants. 
I1 A1B2C3 + A2B3C1 + A3BlC2 + AlB3C2 + A2BlC3 + A332C1 

3 3 3 3 

Eal2b2c3 Eal2b3c2 4(ala2b2b3c3cl- Eala2b3blc2c3) 

This can be expressed easily, for it is of weight 2, and the D's must enter in 
each term and to an odd degree. This follows from the remark that if the 
terms of a given type have all the same sign, the D's rnust enter to an even 
degree if at al], but if half the tertns are positive and half negative, the D's 
must enter in each term and to an odd degree. Hence in the present case we 
need consider only I1, D1, and D2. It turns out that 

I1 I1 D1 - 6D2 v 

I2 and D2 stand in a certain formal relation to a square array, 
A2 A3 B2 B3 C2 C3 

A3A1 BSB1 C3C1 v 

A1A2 B,B2 C102 
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While D2 is the determinant of this array, I2 is the expandecl form with all 
signs positive. If we designate the sum of the positive terms of D2 by + and 
of negative terms by 0, 

D2 + 0, I2 ++ d 

The actual calculation is long and the following table of summations is con- 
venient here and elsewhere: 

3 3 
E al b24 C3 E al b34 C2 L' L", 

g g 

E al b23 b3 C2 c33 , al b2 b33 c23 C3 M' M", 
9 

, a,l3 a2 bl b22 b3 C2 c3 , al3 a2 b2 b3 cl c2 c3 ' :N", 
ls 18 

, al3 a2 bl b2 b3 C22 cEs-E al3 a2 b2 b3 cl c2 C3 D' D" 
3 3 

E al2 a2 b2 b3 C3 cl2 E al2 a22 b3 bl2 c2 C3 E' W", 
3 3 s£ al aj a3 bl b22 b3 C1 C2 c3 , al2 a2 a3 bl b2 b3 C1 C2 c3 F' F", 

E al 2 b3 b3 c3 cl E a3 a2 b3 bl c3 C3 G' G", 
9 

E al2a2blb2b3clc2c3 Ef, 

9 

fi al b2 b3 C2 C3 K. 

Further let L' + L" L; etc. In this notation, there is no difficulty beyond 
long reckoning. Less direct methods offered no advantage. We have then 

+ E'+3E" 2D' Jr 2:N'+:N"-5F' Jr 6F'-G', 

8 _ 3E' + E"-2D" + ' + 2ff" + 6F' 5F" G". 
Hence 

I2 4E 2D+3ffurF G, 

D2 -2(E' E")-2(D' D")+(N' X") It(F' F") (G' G"). 

In I2 the D's must enter to an evell degree, if at all. It is readily shown that 

D12I2-ff 2D + 2E F+ G+ 4H, 

IlSlD2_ N+ 2Eur 5F+ G 4X, 

D22 E Jr 2F 2Ef, 
and from these 

I2 D1I2-2IlDlD2+6D2 
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D2 must contain the D's to odd degree ill every term. It turns out at once 

that 
D2 D1 D2 s 

I3 _ AlA2A3BlB2B3 C1 C2 C3 

The actual expansion and reduction of this form is too long for reproduction 

here, but we get as a final form 

I3 °1 I3 D3 + 21 D1 D2 ( I1 D2-I2 D1 ) C 

Summarizing the results of this section into a compact table, we have: 

I, _ I1 D1 6D2 C 

D1 D1, 

(I) I2 D1I2-2IlDlD2 + 6D2, 

D2- @1 D2 s 

I3 D3I3-D3 + 21D1D2(I1 D2-I2D1) + 

It is a simple matter to write down the corresponding table when the 3-line is 

taken in general form.* 
These formul are very useful, for if we know that the vanishing of an 

invariant I indicates a certain projective relation between the 3-line and the 

3-point, the vanishing of I', obtained from I by these formulfe, will indicate 

the same relation between the joins of the 3-point and the meets of the 3-line. 

This dual transformation, being obviously of period 2, affords an easy check 

on the algebra involved in calculating the dual forms. Carrying out the sub- 

stitutions of (I) a second time we get 

I1'= Dl(IlDl-6D2) + 6D1D2= Dlll, 

D1' = D1, D2' = D6 D2 f 

I2/= D6I2 I3t D9I3. 

This is an excellent verification of the dual formulfe. 

§ 4. Some tnvariant relattons of the three-potnt and the three-ltne. 

We shall calculate directly a few of the simpler invariallt relations. 

( I ) She three points clre collinear if 

* D1-O a 

*For these forms, see the Johns Hopkins University Circular, July, 1908, p. 125. 
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(2) 7Che three lines are conc¢rrent tf 

51-- ° 

The above two theorems require no formal proof. 
(3) Zhe 3-point ts apolclr to the 3-line tf 

I1= o. 

For S1Z2Z3 = ° is the 3-line and (at)(b)(ct) O the 3-point. Regard- 
ing the 's as differential operators, and operating on the eqllation of the 3-point, 
we get merely the coefflciellt °f 1 q2t3 in the equation, which must be zero for 
apolarity. This is, 

alb2c3 + a2b3cl + a3blc2 + alb3c2 + a2blc3 + a3b2cl 0. 

But that i$ precisely 
I1= o. 

(4) The three potnts of the 3-point and the meets of the 3-ltne are on a 
* * n conbc g 

D2 = ° . 

For the general conic on the meets of the 3-line, i. e., on the vertices of the 
reference triangle, is 

alw2Z3 + a2Z3Zl + a3Z1z2 = ° 

If the points ( a) = O, (bt ) = O and (ct) = O are on this conic; 
a,a2a3 + a2ala3 + a3ala= ° 

al b2 b3 + a2 bl b3 + a3 bl b2-° 2 

a1 C2 C3 + a2 C1 c3 + a3 C1 82-° e 

For these 3 equations to be consistent, their determinant must vanish. That is 
a2 a3 3 al al a2 

b2b3 b3bl blb2 = ° 

C2 c3 c3 cl cl 82 1 

which is D2= ° For the general case, a study of the degree in the Greek 
letters shows that 

A1 °2 = ° 
is the general condition. 

The dual of D2, D, D2 = °, is therefore the condition that the 6 lines be on 
a conic. 

(5) We will next take the problem of PASCHS triangles and prove: If the 

*Mathematische Annalen, Vol. 23 (1884), p. 426ff. See also HUN, these Transac- 
tions, Vol. 5 (1904), p. 49. PasaH showrs that if there is one such triangle in a collineation, 
there is a quadruple infinity. 
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two trianyles are such that the 3-point ts a PASCH triclnyle in cz nornsal coltinea- 
tton having the 3-line for aaced triangle, 

Ol(IlDl-3@2) = ° 

To show this, we take again the 3-line as reference triangle. The normal 
collineation can be written 

w.= k. 

and we want the transform of a to be on the line bc. Similarly b is to go into 
a point on ctc, and c into a point on ab . This gives us three equations like 

kl 1 k2 2 k3 3 

bl b2 b3 = O 

Cl 82 83 
VVe can write them 

klalAl + k2a2A2 + k3a3A3 = O, 

kl bl Bl + k2b2B2 + k3b3 B<, O, 
klel C1 + k2c2C2 + k3c3 C3 = O, 

where the Ai, Bi, Ci, are sninors as before. 
For these 3 equations to be consistent, we must have 

al A1 a2 A2 3 A3 

bl Bl b2 B2 b3 B3 = O . 

C1 C1 82 C2 c3 C3 
Expanding this we get 

6 18 ]S 

, al3 b2 C3 , al3 b22 b3 C2 C32 + E al2 ,3 b2 b3 C1 C2 C3-6al 2 a3 bl b2 b3 C1 C2 C3 = O a 

This expresses itself readily in the form 

ID1 3°1D2= O, or Dl(IlOl 3D2) _ O, 

as we were to prove. 
(6) If the two triclngtes are in perspective positzon, 

I6= ° 

It will be found that the 6 factors of I6 correspond to the 6 possible orderings 
of the vertices of the two triangles. For example, by way of proof, suppose we 
ask that the joins of 1, O, O; O, 1, 0; O, O, 1 to a; b; c, respectively meet in 
a point. The 3 joins are 

a2Z3-a3z2 = ° ' 

b3ac]-blz3= °, 
C1Z2-82Z1-°* 
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Hence the condition that they meet in a point is 

O a3 a2 

b9 0 bl = °, 
- c2 C1 ° 

or a2b3cl-a3bl c2 = O . In the same way each ordering requires a distinct fac- 
tor of I6 to vanish. As a cozollary we can also state: If there eacists a conic 
with respect to which the 3-tine and 3-point Glre mvtucllly polar, then nsust 

I6 - o . 

A]1 the problems discussed by Dr. HUN might be treated independently as 
those of this paragraph have been. But every fundamental system of invariants 
must be expressible in terms of the present system, since it has been ?roven 
complete. Hence by constructing a table of equivalents sve can utilize directly 
TS T Y 1 Dr. nus- s results. 

§5. Gun's invariclnts in terms oJ'the present system. 
EUN'S three fundamental invariants are defined for the case of a general 

3-line and 3-point as follows: 

I1 --LBll 

I2 - ( B.2 B33-B23 1e32 ) e 

Bll Bl2 B13 

I3-:- B21 B22 B23; 

B31 B32 B33 
where 

Bii ai(aey)i + i(tYa)i + tYi(a)i, 

Bak f ai(7)k + ai(7a)k + vi(aW)ks 

and in turn the sytnbols (,B¢y)i, (¢ya )k, etc., are defined as follows: 

(a¢Y)i ai(b8/28¢Y) + bi(8a/aty) + c(clb/7); 
where finally 

(bc/h7) (b)(87) + (b7) (8R) 

(c/A7) - - (8l)(att) + (c7)(a,8), etc., 

the parentheses now indicating row products. 
If now the 3-line is taken as the reference triangle, we need retain only 

terms containing the product (x1,li>¢y3 and replace it by unity. This gives 
6 

Bll: B22 B33= i bkel, 
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B21 2(lbl83 + alb3cl + a3blel), 

312-2(a2b2c3 + a2b3c2 + a3b2c2) 
In general 
(1) Bij - 2 ( aj bj Ck + aJ bkcj + ak bJ, cj) j 

Then denoting HUN'S invariants by bars to avoid confusion, we have 
3 6 

I1 ,B.. -3Eaibkel - 3I1, 

3 6 

I2-E ( B22 B33-B23 B32 ) = 3 ( E a tb , cl )2 

-4[(a3b3cl + a3blc3 + alb3c3)(a2b2cl + a2blcS + alb2c2) 

+ (a3b3c2 + 3b2C3 + a2b3c3)(alblc2 + alb2cl + a2blel) 

+ (a2b2c3 + a2b3c2 + 3b2c2)(alblc3 + alb3cl + a3blel)] 

9 6 

3I1 4(alb2b3e2c3 + 3Ea2a3b3blelc2) 

3I2 _ (I12-D1 + 12I2) 2I1 + D12 12I2. 

The transformation of-I3= AD19 is more difficult. Obviously A and D 

are /\1 and D1 respectively. We have directlr from above equalities (1), 

I1 2(a2b2G3+ 2b3c2+a3b2c2) 2(ct3b3c2+a3b2c3+a2b3c3) 

I3 2(alblc3+alb3cl+a3blCl) I1 2(a3h3clf a3ble3+alb383) 

2(alblc2+ alb2cl + a2blel) 2(a2b2cl 2blC2+ alb2C2) I1 

Expanding this and using the equality found in evaluating I2, we have 

18 12 

I3: I31 + 16Eala2a3b2b328l282+ 8Ea2a3b3blClC2 

+ 48al 2 a3bl b2b3cl c2c3 - I1 ( I12-D1 + 1 2I2) 

= I3 + l 2I1 12-4D1 D2-I3 + I1 D12 - 12I1I2 D1 ( I1 D1 - 4D2). 
Hence 

1V = 4D2 I1 

Therefore we have as a complete table 

D D1, I2- - 2I12 + Dl2Al2 12I2, 

A-51s X -IlDlAl + 4D2, 

I1 _ - 3I1 s 

where the Al's are inserted so as to be correct for the gelleral 3-line. 
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Using these formulas we shall write down the equivalents of Dr. HUN'S results 
as tabulated on pages 50 and 51 of these Transactions, vol. 5 (1904). 

The 3-point degenerates, if 

D O 

The 3-point is apolar to the 3-line, if 
I O 

The meets of the 3-line are apolar 
to the joins of the 3-point, if 

IlDlAl 6D2 °@ 

A conic circumscribed to the 3-point, 
and apolar to the 3-line exists, if 

IlAlDl 2D2 °@ 

A point conic apolar to both the 3- 
point and the 3-line exists, if 

@1 @2 = ° * 

A conic circumscribed about both 
the 3-point and the 3-line exists, if 

A 12 D2 ° . 

There exists a point, whose polar 
conic as to the 3-line is apolar to the 
3-point, if 

°lAl(Il°lAl 4°2) °. 
The three polar lines as to the 3- 

line, of the points of the 3-point, taken 
two at a time, meet in a point, if 

Al(IlDlAl 4°2)-° 

There exists a collineation having 
the 3-point as a fixed triangle, which 
sends each meet of the 3-line into a 
point on the opposite line, if 

\1 (I1 D12\1-3@2) ° . 

There exists a collineation having the 
meets of the 3-line as fixed points, which 
sends each point of the 3-point into a 

The 3-line degenerates, if 

51 ° 

The 3-line is apolar to the 3-point, if 

I1= o. 

The joins of the 3-point are apolar 
to the meets of the 3-line, if 

IlDlAl 6D2 ° 

A conic inscribed in the 3-line and 
apolar to the 3-point exists, if 

IlDlAl 2D2-° 

A line conic apolar to both the 3- 
line and the 3-point exists, if 

51@2= ° 

A conic inscribed to both the 3-point 
and the 3-line exists, if 

@1 @2 = ° 

There exists a line, whose polar 
conic as to the 3-point is apolar to the 
3-line, if 

Ol Al ( Il Dl Al 4@2) ° 

The three polar points as to the 3- 
point, of the lines of the 3-line, taken 
two at a time, lie on a line, if 

])l(IlDlAl 4@2)- ° 

There exists a collineation having 
the 3-line as a fixed tliangle, which 
sends each join of the 3-point into a 
line through the opposite point, if 

Dl(IlDlAl 3D0)= O. 
There exists a collineation having the 

joins of the 3-point as fixed lines, which 
sends each line of the 3-line into a line 
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point on the join of the other two, if 

IlD12\l- 3D2 ° 

There exists a point, such that its 
polar conic as to the joins of the 3- 
point is apolar to the meets of the 3- 
line, if 

@1 Al2(IlDlAl 2D2) o . 

through the meet of the other two, if 

I1 D1 /\1 - 3D2 ° @ 

There exists a line such that its 
polar conic as to the meets of the 3- 
line is apolar to the joins of the 3- 
point, if 

Dl2Al2(I, DlAl-2D2) 0 . 

To this we will add one more, adapted from the same article. 

There eacists a ttne contc, touching the joiwbs of the 3-point, ancZ apotar to the 

3-tine, if 
@1 ( I1 @1 i\1 4D2 ) ° . 

It will be seen that the essential factor of all these invariants is a member of 

the pencil, 
IlDlAl+X@2 °@ 

It may be noted that if two points of the 3-point are taken as the circular points 

at infinity, and the third point taken as variable, this pencil is the pencil of cir- 

cles determined by the Feuerbach circle and the circumcircle. 

Another pair of dual theorems which can be readily proven are these: 

If one of the 3 points ties on etther of the ttnes of the 3-Ene, 

I3 O. 

If a meet of the S-tine ties on a joSqb of the 3-point, 

2D3 2D3 + D1 D2 ( I1 D2 - I2 D1 ) ° @ 

The powers °f i\1 are not inserted in the latter form, and will not be in the 

future unless for some special reason. 

§ 6. A conic inscrtbed tn one triGtngle andt circurnscrtbed abo?t the other. 

The present investigation has grown by extensioll from the problem: To 

find the invariant relation on two triangles so that a conic may be drawn touch- 

ing the sides of one triangle and oll the vertices of the other. This problem 

together with its applications is especially interesting. 
Let the three lilles be the reference triangle, and take the polar conics of the 

three pOilltS a, b, c as to it. The three polar conics are: 

(1) 

(2) 

(3) 

alw2z3 + a2Z3wl + a3z1z2 ° z 

bl 2 3 + b2 s zl + b3 zl 2 ° s 

C]z2z3 + C2z3Z1 + C3z1z2 °@ 
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Let X be any line of (1), the polar conic of a, and the polocontc of 8 will pass 
through a.* Hence if the three polar conics have X as a common line, then the 
poloconic of v as to the 3-line will be on all three points a, b, c. But it will 
also touch the three reference lines a, ,B, ry for the Hessian of a triangle is the 
triangle itself, and the poloconic of any cubic touches the Hessian in three 
pointst; in the present case it touches each of the three lines making up the 
Hessian, for they enter symmetrically. 

C:onsequently the problem is now reduced to finding the condition that the 
three polar conics have a common line. SALMON 1: gives the condition that three 
point conics have a common point as T2 64M. For three conics to have 
a common line we need only form their line equatiolls and impose the analogous 
condition. The line equations of (1), (2), (3) are 

(4) sl2tl + a2t2 + a3t32 _ oa2a3t2t3-2a3alt3t1-2ala2tlt2= 0 U, 
(5) bl {1 + b2 t2 + b3 832 S r 2b2 b3 02 t3-2b3 bl {3 t1 - r 2bl b2 t1 &2 = ° - V, 

(6) cl2 t1 + C2 {2 + C32 {3 _ 2C2 C3 t2 $ - 2C3 Cl t3 {1-2Cl C2 t1 {2-° W. 

Now 1ff= O is the condition that in a net of line conics I U + m V + n W 
there shall be a double point. In that case, the reciprocal of that particular 
conic of the net vanishes identically. Following SAL1W0N?S notation, § we find 
the equation to be 

(7) 12 E + 42 + n2 Ett + mn+23 + nl¢)3l + Iwnfl2 = O. 

The 's are the reciprocals of U, V, W respectively and the fik are the 
Clebschians of the same taken two at a tirrle: 

(8) E = 4a,a2a3(lw2Z3 + a2Z3wl + a3Zlz2)-° 
' and " are the same in b and c respectively. By the Clebschian of two 
line conics (at)2 and (b{)2, we mean the contravariant labzl2, where labz 
is the determinant. 11 In the present case 

023 = ( a2 b3 -- a3 b2 ) 1 + ( a3 bl-al b3 )2 S2 + ( al b2 a2 bl )2 S3 

9) + (a3bl-alb3)(alb2-a2bl)Z2z3 + (alb2-a2bl)(a2b3- a3b2)lz3 

+ ( a2b3-a3b2) ( a3bl-alb)xlw2, 

*SALMON-FIEDLEB,-Analytische Geometrie der hoheren ebenen K¢rven? p. 292. The English 
edition of this book is Ollt of print. SALMON calls the poloconic simply the polar ¢onic of the 
line. CLEBSCH-LINDEMANN, Vorlesqbngen iGber Geometrie, Vol. I, p. 543. KOHN, Encyklopadte 
der rnathematischen Wissenschaften, Vol. IIS, part 4, p. 471, gives an account of the poloconic with 
references. 

t DUREGE: Ebene Ctsven dritter Ordnung, p. 278. 
t Conic Sectiorws, p. 365-B. 
Q (7onic Sections, p. 366. 
|| Ibid., p. 344. CLEBSCH'S form is non-sisrmbolic and 0 equals 012 above. See also CLEBSCH 

LINDEMANN, Vol. I, p. 277. If at _ bt, the Clebschian is the line equation. 
Trans. Aln. Math. Soc. 25 
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and 031 and +, are similar forms in b, c and c a respectively. The above forms, 
E and fi¢, are most easily verified by expanding the symbolic forms and sub- 
stituting the real coefficients. 

SALMON gives M in the fornl of a 6-rowed determinant. From equations 
(8) we see that the block 

A B C 

A' B' C' 

A" B" C" 

is composed entirely of zeros. Hence M reduces at once to the product of two 
3-rowed determinants 

2a2a a 2a a2a 2a a a2 (a2b3 ct3b2)2 (a3bl alb3)2 

(10) 2bl2b2b3 2blb2b3 2blb2b32 X (b2C3 b3C2) (b3Cl-blc3) 

2c2c c 2c c2c 2c c c2 (cza3 c3a2)2 (c3al-cla3) 

The first determinant is clearly 8I3D1. The second is seen to 

(alb2-a2bl) 

(blC2-b2Cl)2 c 

(cla2-C2al) 

be the dtlal of 

cl2 c22 C32 

(11) al2 a2 a3 * 

bl2 b2 b32 

Now (11) in terms of our fundamental invariants is 

I1 D1-2D2 

The dual of this, by the formulae of (I), § 3, is 

1)l2(IlDl 4@2) 
Therefore 
(12) X - 8I3 D3 ( I1 I)1 4D2 ) X 

To express T similarly we can start with either of SALMON'S forms as given 
on pages 365 and 367 of his Conic Sections. We shall develop the second form 

(13) T= 8123-4(81228133 + $118233 + 03118322) ++126* 

Next recall the meaning of the d's. If we write the discriminant of 

(14) I( at:)2 + m ( b0:)2 + n ( et)2 

we aan define them as follows: 0123 iS the coefficient of Imn in the discriminant, 
8122 iS the coefficient of Im2, and so on. For the net IU+ mV+ nW, this 
gives 

6 6 9 

(15) 8123 E ail b22 C3 2 E al a2 b2 b3 C3 1 2 E al b2 b3 C2 3 : @2 4I2 I 
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(16) 0122 4 (al a2bl b2b3 + a2a3b2b3bl + 3al bl b2 b3), 

(17) 0133 4(ala2clc2832 + a2a382C2C3 + a3alClC283)' 

and similarly for 02115 0233 03115 0322 Combining these we have 

01220133 16 ( al2 a22 bl b2 b3 C1 C2 C23 + a2 a23 bl b2 b3 cl2 c2 C3 6 

+ a23alblb2b3clc22c3 + E al2a2a3blb2b3clc2c23), 

02118233 16 ( al a2 a32 bl2 b2 c1 c2 c23 + al2 a2 a3 b22 b32cl2 c2 cp 6 

+ ala2a3b32blelc22c3 + E ala2a3blb2b3clc2c32), 

B3lld322 - 16 ( al a2 a23 bl b2 b32 C12 C22 + a2 a2 a3 bl2 b2 b3822 832 6 

+ al a2 a3 bl b22b3 e23 cl2 + E al2 a2 ct3 bl b2 b3 el e2 e32) . 
Hence 

9 6 
18) 01228133+ 021ld233 +83118322- 16( 2a2b1b2b2clc2c32+ 3 E al2a2a3blb22b3clc2c23) 

4I22 4D22 + 48I1I3. 

As a final step we must evaluate 6, which is defined as the coefficient of Imn 
in the reciprocal systenl 

1 + qnE' + n" O. 

The expressions for , ', " were given by (8). The discriminant can be 
written at once in determinant form, as 

O la3 + qnb3 + nc3 la2 + mb2 + nc2 

(19) 8ala2a3blb2b3clc2c3 la3 + mb3 + nc3 0 lal + mbl + nC1 

] (t2+ mb2 + nC2 lal + qnbl + nCl ° 

(20) 16al a2 a3 bl b2 b3 cl cS C3 ( lal + mbl +8Cl ) ( la2 + mb2+ nc2 ) ( la3+ mb3+8C3 ). 

The coefficient of Inzn in (20) is seen to be 

l6ala2ct3blb2b3clc2c3(alb2c3) 16I1I3. 
Hence 
(21) e 16I1 I3 e 

Substituting the values (15), (18) and (21) in (13),<we have after reduction 

(22) 1' D1 8D2I2 + 16D2. 

Substituting the values of M and T thus found, in the condition T2 64M, we 
have the theorem 

If the 3-point and the 3-line are such that a conic may be inscribed tn the 3- 
line and circuqnscribed about the 3-potnt, then will 
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(23) (D1 8D1I2 + 16D2)2 512I3Dl(IlDl 4D2) 0.* 

Forming the dual of (23) we get a theorem which admits of an important 
application. The dual is 

[ D] 8Dl (Dl I2 SllDlD2 + 6Dq,) + 16D1 D2 ]2 

512D6 ( D1 I3 D3 + 21 I1 D1 D2 21 I2 D1 D2 ) ( I1 D1 2D1 D2 ) ° 1 

which reduces to 

(24) D1 [Dl(Dl + 64I2 + 32IlDlD2 16D1I2 6AD2) 

6l2I3(IlDl 2D2)] °@ 

From this we have the dual theorem, neglecting the trivial case where the 
three points are on a line: 

A conic may be drawn on the rneets of the 3-line and touching the joins of 
the 3-point, if 

(26) Dl ( Dl + 64I 2 + 32Il Dl D2 16D1 I2- 64D2 ) 512I3 ( Il Dl 2D2 )= O . 

Next consider equations (24) and (26) when two points of the 3-point are 
taken at the circular points at infinity, and the third point as a variable point w. 
They become equations of curves of the 8th and 5th degrees respectively. V\Te 
shall discuss these curves briefly, as many properties can be deduced directly. 
VVe will designate them by R and Q respectively. The equations of these 
curves can be written down explicitly by replacing bi and ci by the coordinates 
of Iand Jand ai by xi. 

In the case of conics inscribed in the 3-line and on the 3-point, if two of the 
points are taken at I and J, all the conics become circles touching the S-line. 
In other words; the octavic, R O, is the locus of points frorn which circles 
can be drawn touching the lines of the 3-line. 

In other words, R O is simply the equation of the 4 circles which can be 
drawn touching the 3 lines. 

In the dual case, the join of I and J, that is, the line at infinity, becomes a 
tangent to all the conics. Hence they are parabolas. Further the lines joining 
Iand J to z are to be tangents to the conics, so that z is in every case a focus. 
Hence the theorem: 
- The locus oJ the foci of parabolas on thzee points is a quintic curve, and! 

if the points are ta7cen as vertices otf the reference triangle, the equation of 
this quintic is 

Q = O. 

It is possible to deduce many properties of R and Q without writing out the 

* This was further verified by expanding SALMON'S alternative form, Conic Sections, p. 365. 
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explicit equations. As a Srst step it is well to note what curves are represented 
by equating certain simple invariants to zero, when the points are taken as above. 

I3= 0, is the equation of the reference triangle. 
°1 - ° fi is the line at infinity. 
I1= 0, is the polar line of Iand Jas to the 3-line. 
D2 °, is the circumcircle. 
I1 D1-2D2 °, is the apolar circle. 
I1 D1-4I)2 °, is the Feuerbach circle. 
None of these require proof here except possibly the last. This can be 

shown directly from HUN'S form, for he shows s that 1\T= 0 is the equation of the 
Feuerbach circle, and we have found 1\T_ Il Dl-4D2. Or it can be proved 
directly from the easily established fact that I1Dl-4D2 : 0 is the locus of 
centers of 1sectallgular hyperbolas on the vertices of the 3-line. But the feet of 
the three perpendiculars of the 3-line are clearly such centers and are also on 
the Feuerbach circle. Hence since IlDl-4D2 = ° is a circle, it must be the 
Feuerbach circle. (All the conics I1 D1 + kD2 ° are circles, being on I and 
J, the intersections of D1 = 0 and D2 ; ° ) . 

Now take the equation 

(27) R (D4-8D12I2 Jr 16D2)2 512I3@3(I1 1-4D2) = ° 

which we kllow to be the equation of the four touching eircles. 
If Is _ 0, (Dt-8D1I2 + 16D2)2 O. Hences the reference lines touch 

the octavic where they cut K, the quartic, D4 8D12I2 + 16D2 - °s 
If I1 D1-4D2 = °, K2 = o . Hence, the I)?erbach circle to?ches the 

octavic (or passes through double points) where it cuts K. This is really the 
well known theorem that the Feuerbach circle touches the inseribedl and 
escribed circles. 

The quartic Kis interesting in itself. From its equation 

K= D1 8D1 I2 + 16D2-° s 

we see that if D1 - ° s D2 = °, and ilC D2 = °, either D2 = 0 or D1 | 8I2-° . 
This shows that Kis a bicircular quartic, that is, it has double points at I and 
J. Since the latter are quadruple points of R, all the intersections of Kand 
R are accounted for and easily constructed. There are 12 at the points where 
the reference triangle touches the R circ]es, 4 where the Feuerbach circ]e 
touches them, and 8 at each of the circular points at infinity. 

Since R= 0 can be easily constructed, we will now take up Q= O. we 
can abbreviate 

Q= D1[(D2-8I2)2 + 32IlOlD2-64D2]-512I3(IlDl-2D2) = O 

These Transactions, sol. 5 (1904), p. 47. 
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by callirlg 
D2 _ 8I2-U, 16 ( I1 D1-2D2 )-V, therefore 

(28) Q= D1(U2 D2V)-32I3V 0. 

In this if D1 = O, I3V= O. That is, Q cuts the line at infinitJr where I3V_ O cuts it. But I3 = O is the reference 3-line and V= O the apolar circle. Hence 
7Che qu?,ntic Q= o, passes through the ctrc?l,lar points at ininity and has its asymptotes parallel to the sides of the reference 3-ltne. 
Again if V_ O, D1U2 _ O. This says that the apolar circle touches the quintic (or cuts it at double points) where U and V intersect. Since Q can be proven rational,* its six double points will not in general lie on a conic. Hence Vdoes not cut Q in double points and we have the theorem: 
The apolar circle, V= O, has fo?l,rfoldK contact with the qvinttc, Q = o, to?l,ching it at the fo?l,r potnts where U= O cuts V= O. 
This theorem can be proven more directly by taking the dual of V= O, which is IlDl 4D2 = °, or the Feuerbach circle, F. But, by the well- known theorem, the Feuerbach circle touches each of the four tangent circles, R. Since contact is not destroyed in taking duals, V, the dual of F touches Q, the dual of R in four points which was the theorem to be verified. Rewrite Q, thus: 

(29) Q = Dt g2 + 2 V( D1 D2-16I3) = D1 C2 _ 2 VW-O . 
The curve W= O is a cubic on the vertices of the reference triangle, CUttillg the line at infinity where the sides of the reference triangle meet it. That is, its asymptotes are parallel to sides of reference triangle. 
When W= O, M2 = O or D1 = O, hence W-O touches Q where U cuts W. But since W and Q have parallel asymptotes, it follows that three of the con- tacts are at infinity. 
We can also find where Q cuts the circumcircle. In Q, let D2= °, and it becomes 

(30) D1 ( Dl-8I2 )2 _ 512II I3 D1 _ O . 
So unless the 3-point degenerates 

(3t) (D1-8I2)2-512I1I3_ O. 
Then let D2-O in R and drop D1 as a factor, the result, 

(D1 8I2)2-512I1I3= O, 
XR. F. DAvrs, Educational Times, December 2, 1907, p. 545. 
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is the same as (31). Hence: 
Q and: R cut the circurnctrcle in the same Soints. 
It should be noted in this connection that the question, whether a locus is on 

any of the 6 fundamental points that is, the points of the 3-point and the 
meets of the 3-line- is equivalent to the question whether the corresponding 
invariant vanishes, when there is a coincidence among the fundamental points. 
This is a question of some importance, but will not be discussed in detail here. 

§ 7. lshe Clebschtans and: their invariants. 

Ill the case of two general line cubics ( at )3 0 and ( bt )3 = O, the Clebschian 
is a point cubic defined by 
(1) % | abZ 13 = O . 

Similarly the Clebschian of two point cubics (aS)3= 0 and (WS)3-O iS 

defined by 
(2) X' = I a,80 13 ° . 

If, as in the case of two triangles, the curves are of both the third class and 
third order, the two Clebschians are in general diSerent. In forming the 
Clebschians both triangles or cubics must be taken in points or both in lines. 
So the work here is slightly different fronl the preceding sections. 

If one cubic is taken as the reference 3-point and the other as (at)3= 0 

from (1) we have 

(3) % = 6 (a2a2 2z2 + al a2'z1 Z3 + a2 a3z,22X3 al a3tl 2 a2 a2Z2Z3 a2 a3Z2Z3 ) . 

If in turn the second cubic is taken as the 3-point (at)(bt)(ct) O we must 
replace 

3akal by (akblel + ctlbkel + alblek), 
and this gives us 

% 2[(a2b3c3 + ct3b2c3 + a3b3c2)z2z2 t (alb282 + a2bl82 + a2b28l)lz3 

(4) + (a3blel + alb3cl + alblc3)z2z3 (alb3c3 + sxsble3 + a3b3cl)xlw2 

(sc2blel + alb2cl + a, ble2)z2z3 (a3b2c2 + a2b3c2 + a2b2c3)x2z3]. 

It will aid in clearness to define % geometrically. If we call the reference 
3-point d, e, f, then % may be defined as the locus of points y such that the 
two triads of lines y d, e, f and y a, b, c are apolar. %' is the locus of 
lines X having the dual property. From (4), we see that % is on the vertices of 
the reference 3-point, and, since the two 3-points enter symmetrically, we have 
the theorem: 
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lChe Clebschian of two 3-potnts ts on atl siac 7)oints.$ 
Further sinee (4) contains no tertus in S1z2z3 the reference triangle is apolar 

to it. Hence, 
Zhe Clebschian of two 3-points ts a cubic to whtch both 3-po^}tts are apolar.t 
The dual theorems for two 3-lines can be written down at once. 
Since the invariants, S and 17, of % are mutual invariants of the two 3- 

points, they must be expressible in terms of our fundamental invariants. 
For S, we will make use of SALMON'S standard form.t In % the SALMON 

coefficients have the following equivalents, 

a b c m O, a2 (a2b3c3 + a3b2c3 + a3b3c2), 

a3 _ (a3b2c2 + a2b3c2 + a2b2c3), bl ( alb3c3 + a3blc3 + a3b3cl), 

b3 (a3blel + alb3cl + albl'n3)' cl (a2blel + alb2cl + alblc2), 

C2 ( al b2 82 + a2 bl c2 + aj b2 cl ) 2 

The nonessential, comrnon numerical factor has been dropped. This gives, 
by substituting ill SALMON S form, 

S (alb3C.3 + a3blc3 + a3b3cl)2(alb2c2 + a2blc2 + a2b2cl)2 

(a2b3c3 + a3b2c3 + a3b,3c2)2(a2blel + alb2cl + alblc2)2 

(a3b2c2 + a2b3c2 + a2b2c3)2(a3blel + alb3cl + alblc3) 

+ (a2b3c3 + a3b2c3 + a3b3c2)(a2hlel + alb2cl + alblc2) 

(5) (a3b2c2 + a2bse2 + a2b2c3)(a3blel + alb3cl + alblc3) 

+ (a3b2c2 + a2b3c2 + a2b2c3)(a3blel + alb3cl + alblc3) 

(alb3c3 + a3blc3 + a3b3cl)(alb2c2 + a2bl82+ a2b2Cl) 

+ (alb3c3 + a3blc3 + a3b3cl)(alb2c2 + a2ble2 + ajb2cl) 

(a2blel + alb2cl + alblc2)(a2b3c3 + a3b2c3 + 3b382). 

Expallding and collecting the above we get 
18 9 9 

(6) S 16 [ a3l a, 61 b22 b3 C2 c3 E al2 22 b] b2 632 C1 C2 c3 E a4 b2 b3 C2 C23 ] E 

or using the symbols of § 3, 

(7) S 16(1V ff K). 

*These two theorems lay no claim to novelty, see F. MORLEY, these Transactions, vol. 5 

(1904), p. 4721 for a discussion. 

t EIohere Ebene Zurven, p. 247. 
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Employing the fact that the D's must enter in each term to all evell powers 
if at all, we find that the only combinations entering are 

Is( D2 + I2) z 2X+ 4E + lOF + 2 S + 8X, 

I2 _ D2 4X, 

l>2)2 321\T+ 64E[+ 16Ks 

IlDlD2 1W 2h'+5F+ S 4EI. 

It is not difficult to select the proper coefficients; the result is 

(8) S - 12I2 ( 192 + I1 )-36 ( I2 D2 )-( I2 _ D2 )2 _ 24I1 D1 192 

(9) 4(Il Dl 3D2)2 (IS + D1-6I2)2 

Geometrica]ly S O is the condition that the Hessian of the Clebschian of the 
two 3-points shall be three lines. 

Since the Clebschian treats the two triangles symmetrically, it is clear that 
sS should be self dual. Applying the formulse of § 3, we get 

(10) S' D1 S. 

This is a good check on the work. 
To substitute the coefficients of % directly in SALMON'S form for 11$ leads to 

complicated expressions. The following method presents fewer difficulties. 
Let (ax)3 and (at)3 be two cubics giving the connex 

(l) (aa)2(a) (at) = 0. 

The 3 fixed points of the connex are given by 

(12) ai(a)(aa)2 --- Mci; (i-1, 2, 3). 

If the 3 equations of (12) are consistent 

alal(aa)2 + X a2al(aa)2 a3al(aa)2 

(t3) '\(\) ala2(aa)2 a2a;2(aa)2+ \ a3a2(aa)2 5 O. 

ala3(0ta)2 a2a3(aa)2 a3a3(aa)2 + X 

The coefficients of powers of X in A(X) are illvariants of the connex. Now 
let (aw)3 become the reference 3-line and 

2ala2a3+ X 2a2a3 2a2a3 

14) ^ ( \ ) = 2al2 a3 2al a2 a3 + \ 2al as 
2a2 a2 2a2 al 2al a2 a3 + X 

* IIohere Ebenc Rurven, p. 248. 
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If the second cubic is taken as 

15) at3 + bt2 + ct33 + 3a25tl2t2 + 3a3t2t3 + 3blg2tl 

+ 3b302&3 + 3e1t3t1 + 3C2ts302 + 6mt10203 ° s 

A(X) takes the forln, dropping numerical factors, 

qn + X a3 a2 

16) i\(X)- b3 m + X bl = \3 + J1X2 + J2\ + J3, 

C2 C1 qn + X 

where 
J1- 3m- 3I,, 

J2 - 3m2 (blel + c2a2 + a3b3), 

m a3 a2 

J3 b3 m bl. 

C2 C1 qn 

Now the Clebschian of the reference 3-line and the general cubic is 

X; C2Z21Z2 + blzlw32 + a3Z22ac3 clzlw2 a2Z32 SC2 b3Z2lw3 = ° s 

and T for this is 

T 6bl cl c2 2 a3 b3 8 ( bl cl3 + c23 a2 + a3 b33 )-27 ( a3 bl2 c2 + a2 b3 cl2 ) 

+ 12(blela2c2+ blc2a,3b3+ c2a22a3b3+c2a2blel+ a32b3blel+ a3b3c2a2). 

Or we call write 
(17) T= 6x-8y-27m + 12t. 

From the expressions derived above we have 
3 6 

(18) ( 3I12-J2 )3 - E bl3 C3 + 3 E bl c2l a2 C2 + 6bl cl c2 a2 a3 b3 = 6z + y + 3t, 

(1t3) (J3 + 2I1 - I1J2) = ajbScl2 + a3bl2c22 + 2blelc2a2a3b3 _ 2z + , 

(20) S( 3I12 - J2 ) -E 613 cl3 + 3bl cl c2 a2 a3 b3 = 3z + y . 

Elimination of , y, , t from these four equations gives 

(21) T_ 4(3I12 J2)3- 27(J3 + 2I13 - I1J2)2 + 12S(3I12 J2). 

But I1 is identical with the I1 of the present system, J2 and J3 are I2 and I3 
of HIJN'S system, and S is given by (9). 
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Substituting these values in (21) we find 

17 -8 [(I12 _ D1 )3-216I23 - 18I2(I1 - D1 ) 

(22) 4108(I12I2 + D2D2) - 54(D1I2- I1D2)2 

+ 36I1 D1 D2 ( I1 - D12 ) - 648I2 D2 ] * 

Applying the dual formulas we have T' - D617, again a chseck on the work. 
As a further example, the invariant condition on the two triangles, that 

the two Clebschians may be apolarj will be calculated. The outline, only, of the 
work shall be given. The form of % is given in full by equation (4). To get 
the equation °f X the coefficients of the corresponding terms can be derived 
from % by replacing each letter by its minor in D1. C:all the minors A1, B1, 
etc., as in § 3. Then 

%-(X2B3C3 + A3B2C3 + A3B3C2)0202 + (A1B2C2 + A2B1C2 + A2B2Cl){lt3 

+ (A3B1 C1 + A1B3 Cl + A1 B1 C3)t2t3 - (A1B3 C3+ A3B1 C3+ A3B3 Cl)tlt2 

-(X2B1 C1 + A1B2 C1 + AlBl C2)t2t32 - (A3B2 C2+ A2B3 C2+ A2B2 C3)t1t3 

To find the apolarity condition, regard, as usual, the {'s as differential opera- 
tors and equate the result to zero. This gives 

(a2b3c3 + a3b2c3 + a3b3e2)(A2B3C3 + A3B2C3 + A3B3C2) 

+ ( al b2 C2 + a2 61 C2 + a2 b2 C1 ) ( A1 B2 C2 + A2 B1 C2 + A2 B2 C1 ) 

+ (a3blel + alb3cl + alblc3)(A3Blcl + AlB3Cl + AlBlC3) 
(23) 

+ (alb3c3 + a3blc3 + a363cl)(AlB3C3 + A3BlC3 + A3B3C1) 

+ (a2blel + alb2cl + alblc2)(A2BlCl + AlB2el-+ AlBlC2) 

+ ( a3 b2 c2 + a3 b3 c2 + 2 b2 C3 ) ( A3 B2 C2 + A2 B3 C2 + A2 B2 C3 ) O * 

By replacing the capitals bv minors in the small letters and expanding, the 
whole can be summed thus: 

9 '] 6 6 

2 ( al a2a3b 2 b3c2l e3-E al a2a3b l2 b3c2 e3) + 3 ( a la2 b2b32c3cl2-E ala22 b3b l c2c3 ) 

+ 2 ( Eal3 b2 b3 c22c3 - Eal3 b22 b3 C2 c3 ) - 2 O . 

Expressed in terms of the fundamental invariants, this is 

(25) DS Il2Dl - 3I1D2 + 9I2D1 = ° 
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Lt1- 'Y 

H_ ence: 'b'he two C7,ebschians of two triangtes are apotar if 

D3-I1D] - 3I1D2 + 9I2D1 O. 

Of necessity, this form is self-dual. 
The invariants of %' are seen to be the dllal of those °f X But S' = S and 

17t - 17. Hence: If neither trianyle is deyenerate, S _ O is the condttton 
that the EIessian of one Clebschian break down into 3 lines and at the same 
time that the Xesstan of the other brea7¢ down into 3 po?>nts. 

There are a number of other interesting cubic covariants and contravariants 
of two triangles. But the linlits of this paper will not permit of a detailed 
treatment, the above discussion of the C:lebschian being itself meager and 
incomplete. 

§ 8. Setf-duat tnvariant forms. 

A number of self-dual forms have appeared in the course of this article, and 
the question naturally arises as to the number of such self-dual forms which are 
independent. Such forms are of special ialportance, because the vanishing of 
one of them indicates a mutual relatioll between the two triangles. The most 
general self-dual invariant of given degree can be found by carrying out the 
dual transformation on the most general invariant of that degree, and asking 
that the invariant be left unaltered save for multiplicative powers of D1. For 
example, suppose the most general self-dual invariant of degree 3 is required. 
We ask that 

D3(aIS hD3 +cI2DI +dIlDl + eIlI2+ fIlD2+gDlD2+hI2Dl + 2kIs) 

-a(I3Dl3-18Il2Dlt+108IlDlD2- 216D23)+bD 

+ cDl2(Il2Dl2 - l 2IlDlD2+ 36D22) + dtIlDl 6D4D2) 

(1) 
+ e(IlI2Dl3-2I2lDl2 D2 + 1 8IlDlD22-6I2D12D2 3 6 D23) 

+f (-IlDl3D2+6D12l)2) se(D4D2)+h(D4I2- 2I1D3D2+6D12D2) 

+ 7c(2D3I3-2D23 + IlDlD2-I2D12D2)* 

Equating coefflcients, we get the equalities c -9a, Ac = 54a, 6c - - (f + h), 
g =-3d. Introducing these in the left of (1), we have as the most general 
self-dual form of degree 3 

(2) a(I3-9I1I2 + 108I3) + d (Dl3-3D1D2) + c(I l2Dl - 6I1 02) + h(I2Dl I1D2) 



387 1909] OF TWO TRIANGLES 

Since , c, ct and h are arbitrary constants it follows that the expressions in 
parentheses are all self-dual forms, as can be readily verified. In the further 
study of self-dual forms, we get the following system of five independent ones, 
which form a complete system: 

(1) @1 D (2) I1 @1 - 3°2, (3) I12 - 6I2 D 

(4) I2D1 I1D2, (5) I3 9I1I2 + 108I3. 

To prove this system complete let us designate forms (1), (2), (3), (4), (5) by 
A, B, C, E, and Frespectively. We then ha+re the following equations: 

D1- A, 

D2 - r -(B - IIA ) -(AI1 B) 
I2 - 6 ( I2 _ C), 

13- low(F- IlC+3I1I2)- 2 j16(F- 3CIl+Il). 

That is, 01 D2, I2, and I3 can each be expressed in terms of I1 and self-dual 
forms. 

From (4) or E we get the further equation 

E = 6 ( I 2-C)-31 ( AI1-B ) or 6E = 2BI1-A C-AI1, 

and hellce 
(6) I2 6E + A C- 2BI1 

a formula which enables us to reduce higher power.s of I1. Hence from this 
series of equations we see that any tnvariant can be eacpzressed as a grational 
funetion of th@ Ave self-dual forms A, X, C, E, F, and of I1 to the first 
degree. That is any invariant Ican be written as 

(7) I- Sl+kIlS2, 

where S1 and S2 are rational functions of A, B, C, E, and F. Now sup- 
pose Iis self-dual and written in form (7). Since S1 and 2 have been proven 
self-dual, it follows that (7) can be true only for kIl S2-O, as it can obviously 
not be self-dual, I1 not being self-dual. Tllerefore if self-dual I _ S1, that is, a 
rational function of A, B, C, E, F. This prosesthetheorem. 

Any form which can be expressed in terms of these five is self-dual, and it is 
frequently easier to show the self-duality of a form bv expressing it in terms of 
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[July A, X, C, X, X, than by applying the dual transformation formulse. Only the first two of the five have a simple geolnetlical interpretation known to the writer. 

§ 9. lyhe ft6ndarnentat invarzants 6nder cz special Cremona transforrnation. 
It is the purpose here to show the effect of a special Cremona transformation on the fundamental invariants, and to apply the result to a single example. 
Take the simple, quadratic involutory transformation 

k 

y. . 

2 SCi 

The effect of this transformation on the invariants is to replace eacla symbol by its reciprocal. Since all invariant forms are homogeneous, k will appear to the same power in each term, hence may be taken as unity without loss of generality. The fundamental invariants, under this trailsformation, become 

>>, D2 I- 12 (1) 1 - I3 ' l I3 s 

zDs - DIz, I2= I- n I' - 

As a typical illustration we take the rational quintic, 

t-a. 

zi (t )2 (i=l, 2, 3). 

This quintic has 3 cusps, 3 double points, 3 double tangents, 3 flexes, and is of class 5. It follows from the simple cpunting of constants that any two of the sillgular triangles can not be taken arbitrarily, but have a single relation con- necting them. We shall give in detail but a single one of these relations. Tak- ing the triangle of double points as the reference 3-line, we ask: Brhat is the con- dition on the triangle of cusps ? 
From the theory of Cremona transformatiosls,* it is well known that if the above involutory transformation is carried out on the given quintic, with the double points as fundamental points, the quintic goes into a rational quartic with 3 cusps, and with simple points at the 3 fundamental points. If we next carry out the same transformation regarding the cusps as fundalnental points (which change of fundamental points is evidently equivalent to taking the dual), the ratiollal quartic goes into a conic which to?lches the original fundamental lines, and has the three cusp points as ordinary points. But we already know 

*CL}X:BSCH-LlNDEMANN, vol. I, pp. 478, fE., where a number of references are given. 
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from an earlier paragraph the condition that a conic may be inscribed in the 3- 
line and circumscribed about the 3-l?oint. It is 

(2) ( D1 8D2 I2 + 16D2 ) 2 _ 512I3 D1 ( Il D1 4D2 ) ° * 

EIence to find the condition on the cusp triangle, we must take (2) and carry 
out the above transformations in reverse order. Being of period 2 the inverses 
are the same as the direct transformations. That is, transformation (1) must be 
carried out first, then the dual transformation, and finally (1) a second time. 
This gives an expression of the 24th degree in the coefficients of the origillal 
triangles. 

If on the other hand the cusp triangle is taken as the reference 3-line the 
condition on the 3-point of double points turns out to be of the 18th degree by 
a similar argument. It is 

D1D5+ 16(I1D2D2 4I,D1D2+4D32 D1D2 16I3D1) 

3) x (2D3I3 2D2+IlDlD2 I2D2D2)2 

8D2(2I2D6D2 3I1D1 D2 + 6D1D2)(2D3I3 2D3 + IlDlD2 I2D2D2) O. 

This is sufEcient to illustrate our point. For by direct attack this problem 
is practically impossible, yet by this transformation it becomes comparatively 
simple. Other examples can readily be found to further illustrate this idea. 

Incidentally this gives a convenient geometrical interpretation for I2 °, the 
only one of the fundamental invariants not previously interpreted. For if the 
transformation Yi l/wi is carried out on the three points of the 3-point, they 
are carried into three new points, whose equations are 

a2 a3 tl + a3 al t2 + al a2 t3-° t 

b2b3tl + b3blt2 + blb2t3 ° 

C2 C3 01 + C3 C1 {2 + Cl C2 {3 ° t 

Clearly the condition that these shall be apolar to the reference 3 line is 

I2 ° 

Or as a definite theorem: If' tqeo triangles are s?lch that qehen one is taken 
as a 3-line and the other as a 3-point, and the transformation Yi l/wi is 
carried o?lt, the 3-point is apolar to the 3-line, then will 

I2 O. 
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This gives, however, no direct information as to the projective relation 
between the 3-line and 3-point in their original position. Other interpretations 
°f 12 ° arose, but none so direct and simple as for the vanishing of the other 
fundamental invariants. 

JOHNS HOP1IINS UNIVERSITY, 
Februclry, 1909. 
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